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which Landau L2J used to prove that the asymptotic density of the set of sums of three squares is lim^^^ S(x)/x -5/6. It is possible a priori that either S(x) > 5x/6 for all x in which case the Schnirelmann density of this set is infx S(x)/x = 5/6 or S(x) < 5x/6 for some x in which case the Schnirelmann density is less than 5/6. The latter situation occurs for the set of squarefree numbers L4.I, which has asymptotic density 6/77 but Schnirelmann density 53/1S. (The infimum is attained at x = 176.) We will show that for all positive integers x we have S(x) > (5x + l)/6, so that the first case applies for sums of three squares. N(x) < (x -l)/6 for x > 1, and equality holds if and only if x = 2" -1 for some odd positive integer n.
Proof. Clearly the relative maxima of Mx) -x/6 are at x of the form x = 4a(8b + 7). For such x with a > 2 we have a~2 4"->l8b + 7) [4i8b + 7)1 £ fl + 4-'(8* + 7)1 = 4^ + 7)-24_y+|-4^2J+M8^7)
.£WLLZ)i(i-41--) + 4i+3 + M» + 7).
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(1) Mx) = x/6 -46/3 -5/3 + N(Bb + 7).
A similar but simpler calculation shows that (1) holds also when a = 1.
We now prove by induction on b that
(2) Af(8A + 7) < (8b + 7)/6 -1/6, and for all positive integers a that (3) M4a(86 + 7)) < (l/6)4a(8b + 7) -2/3. If y = x -7, then My) < y/6 -2/3, so Nix) = My) + 1 < y/6 -2/3 + 1 = (x -7)/6 + 1/3 = x/6 -5/6 < x/6 -1/6. If y = x -3, then My) < y/6 -2/3, and Nix) = N(y) + 1 < y/6 -2/3 + 1 = (x -3)/6 + 1/3 = x/6 -1/6. "6 " " 6 3 " 3 3
Notice that fib ) = [(a ) + 1/3 and /(fl , .) = /(6 ) + 1/3. Also since every ' n ' n n +1 ' n * a and 6 is a sum of three squares we have n n * f{a -l) = ^±i-i and /(6 -l) = 2±±1 -I . 3 6 " 3 6
Next we will prove that Corollary. For all integers x > 2 we have lx + -<S(x) <lx + -(l+ 2 log.fl +-(x-2))).
The set E of all positive integers which are not a sum of three squares has density 1/6 but Schnirelmann density 0 because 1 is not in E. One might hope that if we adjoin some finite set of integers (including 1) to E, we would get a set with Schnirelmann density 1/6. An easy calculation shows that the Schnirelmann density of E U il! is 3/22 and that of E u {l,2j is 7/43, both less than 1/6. Indeed, if F is any finite set, then E u F has Schnirelmann density < 1/6 because h(x) is not bounded above. 
